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“Once one starts to think about economic growth, it is hard 
to think about anything else” 

 

Robert Lucas (1988)  

 

 http://www.gapminder.org/videos/200-years-that-
changed-the-world-bbc/ 

 

 

1. Motivation 

http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/
http://www.gapminder.org/videos/200-years-that-changed-the-world-bbc/


 





Historical overview 

 Starting from the nineteenth century, growth rates have 
been on average much higher than in the past 

 

 Still, huge differences across countries, both in per 
capita income levels and growth rates: 

 Growth miracles: e.g. the four Asian tigers (Hong Kong, 
Singapore, South Korea, Taiwan) 

 Growth disasters: e.g. Argentina in the early twentieth 
century 

 

 Subsaharian Africa  China  

2. Historical overview 



Historical overview 

 South Korea: Sustained growth of 6% since 1960 

 GDP doubles every 12 years 

 In 50 years: doubles 4 times 

 2x2x2x2 = 16 times richer than grandparents!! 

 

 Contrast with Venezuela  

 Overall negative growth for a period of 40 years 

 Grandchildren poorer than grandparents 

 

 Small differences in growth rates compound over time 
to generate enormous differences in incomes 

 Not everybody stays on the growth path 

 

2. Historical overview 



Why do economies grow? 

 Four main reasons: 

 

1. Capital accumulation 

2. Population growth  

3. Technological progress 

4. Other factors: institutions, education 

 ( endogenous growth models, Chapter 4) 

 

All can be embedded in the Solow growth model 

Today: Capital accumulation 

3. The Solow growth model 



Solow growth model 

 

 Developed by Robert Solow (and T. Swan)   
 in 1950s, Nobel prize in 1987 

 Builds on a production function approach, focuses on 
capital accumulation. 

 Shows how saving, population growth and technological 
progress affect output and growth 

 

 Today:  Role of saving  

Can the accumulation of capital – computers, machine 
tools, factories – explain sustained economic growth? 

 

Answer: No 

3. The Solow growth model 



Production Function 
 Production function: combines inputs (Capital stock K 

and labor L in our case) into output Y (= real GDP) 

 

 

 Assumptions:  

1. L = Total number of person-hours 

2. The aggregate production function exhibits constant 
returns to scale 

 Constant Returns to Scale: doubling inputs leads to doubling 
output levels/ halving inputs leads to halving output levels 

 Considered realistic (backed up by empirical evidence) 

3. Marginal product of each factor is diminishing 
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3.1. Production Function 



Cobb Douglas production function 

  1LKY

 Cobb Douglas production function: 

 

 

    where α is elasticity of output with respect to capital,  

 and 0<α<1. 

 

 This function exhibits constant returns to scale.  
 Take λ>1, then F(λK, λL)= λF(K,L). To see this notice that 
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3.1. Production Function 



Marginal product of capital and labor 
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 Production function:  

 The marginal product of each factor is given by  

 

 

 

 

 And the marginal product of each factor is decreasing: 
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3.1. Production Function 



Intensive form 

 The constant returns to scale hypothesis allows us to focus 
our analysis on variables that are relative to the size of 
labor: 

Y/L = F(K/L, 1) 

        

 Doing so simplifies substantially our discussion, as we can 
study just the behavior of a function of a single variable. 

 

 So, we will now focus on per worker or per capita variables 

y=f(k)  

 y=Y/L and k=K/L. 

3.1. Production Function 



Production function 
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3.1. Production Function 



Kaldor’s stylized facts 

 Fact 1: Output per capita (Y/L) and capital intensity 
(K/L) keep increasing 

 

 Fact 2: The capital output ratio (K/Y) is roughly 
constant 

 

 Fact 3: Hourly wages keep rising 

 

 Fact 4: The rate of return to capital is constant 

 

 Fact 5: The relative shares of GDP going to labor and 
capital are constant 

3.2. Kaldor’s stylized facts 



Historical Output-Hour ratios 

 Fact 1: Output-Hour ratios (Y/L) in three countries 
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3.2. Kaldor’s stylized facts 



Historical Capital-Hour ratios 

 Fact 1: Capital-Hour ratios (K/L) in three countries 

 

0

10

20

30

40

50

60

70

80

90

1820 1840 1860 1880 1900 1920 1940 1960 1980 2000

1
9
9
0
 $

USA

UK

Japan

3.2. Kaldor’s stylized facts 



Long-run growth 

 Solow model:  

 explains long-run growth rate (trend) 

 why we come back to it after big shocks like wars 

 

3. 3. Capital accumulation in the steady state 



Steady state 

 The steady state is the long run equilibrium of the 
economy 

 

 Characterized by a balanced growth path:  

 In the steady state each variable of the model is growing 
at a constant rate (trend) 

 

 In reality: 

 We are never exactly at the steady state, but we 
permanently move around it.  

 Steady state growth rate: long-run average growth rate 
 

An economy not at the steady state will move to it.  

 

 

3. 3. Capital accumulation in the steady state 



Consumption and investment 

 Simplifying assumptions: Y = C + I + G + X – Z  Y = C + I 

 No government purchases and no taxes (or T =G) 

 Closed economy 

 

 Demand for goods in the Solow model:  

 Output per worker is divided between consumption and 
investment per worker 

Y/L = C/L + I/L  y = c + i  
 

 Every year: people save a fraction s of their income 

 c = (1 – s) y 

  y = (1-s)y + i   i = sy 

3. 3. Capital accumulation in the steady state 



Capital accumulation in the steady state 
 Assume that population, the number of hours worked and 

technology are constant over time.  

 

 Output depends only on capital stock: 

y=f(k)  

 

What is the role of capital accumulation for the long-run 
growth? 

 

 Two forces influence the capital stock 

1. Investment  

2. Depreciation 
  We first look only at investment, then introduce depreciation 

 

  

3. 3. Capital accumulation in the steady state 



Capital accumulation in the steady state 
 Production function:  

  Y/L = f(K/L)  y=f(k)  

 

 s = saving rate, fraction of Y/L saved each year 

 

 Investment: I = S  

 Saving  investment in K  capital accumulation  growth 

 sy = i = sf(k)  
 

 sy = sf(k) = saving schedule  

 

Draw production funct. + saving schedule in same graph 

  

3. 3. Capital accumulation in the steady state 



The saving schedule 
 Households save a fixed proportion s of their income y. 
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3. 3. Capital accumulation in the steady state 



Consumption and investment 
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3. 3. Capital accumulation in the steady state 



Capital accumulation in the steady state 

 But the capital stock is also subject to depreciation 

 

 δ  = rate of depreciation of physical capital, i.e. the rate 
at which machinery becomes obsolescent / wears out 
every year. 

 δ is independent of  K 

 But the absolute amount of depreciation (δK) depends on 
the size of the capital stock. 

 

 δk = total depreciation per worker  = depreciation line 

 

3. 3. Capital accumulation in the steady state 



The depreciation line 
 The angle of the depreciation line is defined by δ.  
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3. 3. Capital accumulation in the steady state 

Slope = δ 



The depreciation line 
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3. 3. Capital accumulation in the steady state 

consumption 

investment 

depreciation k 

 

A 

B 

C 



Capital accumulation in the steady state 

KsYK 

 The evolution of the stock of capital is then captured by 

 

 

 In intensive form: 

 

 

 

 Is Δk positive or negative?  

 Key issue:  

 the more k  the higher y  the higher δk,  

 the higher δk  the more sy needed to replace δk 
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3. 3. Capital accumulation in the steady state 

investment depreciation 
Net change 

in k 



Capital accumulation in the steady state 
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3. 3. Capital accumulation in the steady state 

 

 

 What is the equilibrium (steady state) growth rate of k ?  

 Only equilibrium possible: Δk  = 0 

 

 In steady state, capital per worker does not change,  

 

 In the steady state the new investment will only be 
enough to replace the old one.  K/L is stable. 



Capital accumulation in the steady state 

   Inflow: 

 New 
Investment 

sy 

Outflow:  

Depreciation of 

capital stock  

δk 
  In the steady state inflow = outflow,  

k stays the same 

3. 3. Capital accumulation in the steady state 



The steady state 
 The intersection of the depreciation line and the saving 

function defines the steady state. 
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3. 3. Capital accumulation in the steady state 



Growth rates around the steady state 

 Implication: 

 If we are not in point A, we will automatically go there! 

 

 Next slides:    

1. Why is k (and y) growing up to      when               ? 

 

2. Why is k (and y) shrinking to     when             ?  

 

3. 3. Capital accumulation in the steady state 
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The steady state: increasing k  
 k1C = new investment (sy); k1D = depreciation (δk)  capital 

stock k1 increases by amount DC.  

 Next year’s k= k1’>k1 
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3. 3. Capital accumulation in the steady state 



The steady state: decreasing k 
 k2C = new investment; k1D = depreciation  capital stock k1 

decreases by amount DC.  

 Next year’s k= k2’<k2 
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3. 3. Capital accumulation in the steady state 
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Growth rates around the steady state 

 If            : 

 The lower k the bigger the difference between sf(k) and δk 

 Economy grows faster because k grows faster the further 
away it is from the steady state. 

 When k comes closer to    , growth slows down. 

 

  If            : 

 The bigger k the bigger the difference between sf(k) and 
δk 

 Economy shrinks faster because k declines faster the 
further away it is from the steady state. 

 When k comes closer to    , decrease in k and y slows 
down. 
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3. 3. Capital accumulation in the steady state 



Growth rate in the steady state 

 Summary of the steady state in this setting (no population 
growth, no technological progress): 

 

 Steady-state lies at the intersection of the savings 
schedule and the depreciation line 

 The steady state capital stock is      (K/L) which is constant 
here 

 Economy will always go back to the steady state, because 
in every other situation depreciation and new investment 
will not be equal  leading to a change in k 

 

What is the growth rate of k in the steady state? 

What is the growth rate of y in the steady state? 

 

 

3. 3. Capital accumulation in the steady state 
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Increase in the saving rate 
 A higher saving rate leads to a steady state with higher 

capital per worker and higher output per worker.  
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3.4. Change in the saving rate 



The more I invest the more I grow?  
 Investment rates and real p.c. GDP (174 countries, 1950-2004) 

3.4. Change in the saving rate 



The more I invest the more I grow?  

 Investment rates and real p.c. GDP (174 countries, 1950-2004) 

 

3.4. Change in the saving rate 



Increase in the saving rate 
 The more you save, the more you invest, the more you 

grow? 
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3.4. Change in the saving rate 



Increase in the saving rate 
 The more you save, the more you invest, the more you 

grow? 
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3.4. Change in the saving rate 



Savings and growth rate 

 At a given saving rate: the further away the economy is 
from the steady state, the faster it grows (if before 
below the steady state) 

 

An increase in the saving rate has an effect on the level 
of GDP per capita 

It does NOT have an effect on the growth rate of GDP 
per capita 

Because of diminishing returns: as soon as sf(k) meets dep 
line  growth rate of y= 0  

 

Notice also that saving more leads to a reduction in 
consumption levels 

3.4. Change in the saving rate 



Fastest growing economies in 2012 

3.4. Capital accumulation in the steady state 



Consumption in the steady state 

 Is accumulating more capital always better? 

   

 Consumption in our model captures the level of 
economic satisfaction.  

 Households consume the part of Y they don’t save. 

 

 Best outcome for households: highest consumption 
 

 In the steady state consumption is given by 
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3.5. The Golden Rule 



How to maximize consumption 

 Where is the largest vertical gap? 

 

0 

  = kdepreciation

y=Y/L 

( )y=f k

k=K/L 

3.5. The Golden Rule 



The Golden Rule 

 In steady state consumption c is given by 

 

 

What is the level of k that maximizes consumption in 
steady state?   

 Marginal productivity of capital = depreciation rate 

 

 

 Golden Rule:  the steady state value of  the capital-
labor ratio          maximizes consumption when the 
marginal product of capital equals the depreciation 
rate 
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3.5.  The Golden Rule 



Golden rule saving rate 
 To ensure maximal consumption, the saving rate has to 

cross the depreciation line where the distance between 
δk and f(k) is maximal. 
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3.5. The Golden Rule 
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The Golden Rule 
Attention: economy does NOT automatically gravitates 

toward the golden rule steady state.  

 

What if  we are at a steady state that is not the Golden 
Rule steady state?   

 This means that the saving rate is too high or too low which 
leads to high or to low steady state value of k. 

 Two possible scenarios: 
 The capital/labor ratio is too high: dynamic inefficiency 

 The capital/labor ratio is too low: dynamic efficiency  

 

In any case: consumption will be lower than in the golden 
rule scenario! 

3.5. The Golden Rule 


